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Problem Set # 8

Justify all your answers completely (Or with a proof or with a counter example)
unless mentioned differently. No step should be a mystery or bring a question. The grader
cannot be expected to work his way through a sprawling mess of identities presented without
a coherent narrative through line. If he can’t make sense of it in finite time you could lose
serious points. Coherent, readable exposition of your work is half the job in mathematics.
You will loose serious points if your exposition is messy, incomplete, uses mathematical
symbols not adapted...

Exercise 1:
Find the Jordan canonical form for the linear operators T : Rn → Rn whose matrices
with respect to the standard basis X = {e1, · · · , en} are

1.

A =


7 1 2 2
1 4 −1 −1
−2 1 5 −1
1 1 2 8


2.

B =

 5 −6 −6
−1 4 2
3 −6 −4


Exercise 2: From the Canonical Jordan form theorem seen in class, deduce that if A
is n × n matrix whose characteristic polynomial pA(t) = det(A − tI) splits over F, A
is diagonalizable if and only if geometric ·multiplicity(λ) = algebraic ·multiplicity(λ)
for each λ ∈ sp(A).

Exercise 3: Suppose T : V → V has characteristic polynomial pT (t) = (−1)ntn.

1. Are all such operator nilpotent? Prove or give a counterexample.

2. Does the nature of the ground field F matter in answering this question?

Exercise 4: Let T : V → V be an F-linear operator on a finite dimensional vector
space such that the characteristic polynomial pT (t) splits over F. Let X be a basis such
that J = [T ]X has Jordan canonical form, and let J t be the transpose of this matrix.

1. Explain why JT and J are similar matrices.
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2. If A is any matrix in M(n,F) whose characteristic polynomial splits over F, prove
that the transpose AT is always related to A by similarity transformation.

Note: In particular, 2. holds for every matrix A if F = C.

Exercise 5:
If T : V → V is an arbitrary linear operator over C explain how the components of
the Fitting decomposition V = K∞ ⊕ R∞ are related to the generalized eigenspace
decompostion V = ⊕λ∈sp(T )Mλ(T ).

Exercise 6:
Use the Jordan Canonical decomposition to show that all solutions A ∈M(n,C) to the
matrix equation A2 + I = 0 are similar to matrices of the form

B =

(
iIr 0
0 −iIs

)
where r + s = n and i =

√
−1.

2


